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We propose a protocol for a controlled experiment to measure a weak value of the electron’s spin
in a solid state device. The weak value is obtained by a two step procedure – weak measurement
followed by a strong one (post-selection), where the outcome of the first measurement is kept pro-
vided a second post-selected outcome occurs. The set-up consists of a double quantum dot and a
weakly coupled quantum point contact to be used as a detector. Anomalously large values of the
spin of a two electron system are predicted, as well as negative values of the total spin. We also
show how to incorporate the adverse effect of decoherence into this procedure.
PACS numbers:
Introduction.— The measurement of any observable in
quantum mechanics is a probabilistic process described
by the projection postulate [1]. Each eigenvalue of the
observable happens to be an outcome of the measure-
ment process with a given probability, and the origi-
nal state of the system collapses into the correspond-
ing eigenstate. An intriguing viewpoint of quantum me-
chanics, based on a two-vector formulation [2], stipu-
lates that the measured value of an observable depends
on both a “past vector”, |χ0〉, at which the system is
prepared (pre-selection), and a “future vector”, |χf 〉,
where a given state is selected following the measure-
ment (post-selection). Within this framework a proce-
dure that leads to a weak value (WV) [3] involves a
weak measurement (i.e. a measurement that disturbs
the system weakly) whose outcome is kept provided a
second postselected outcome occurs. The protocol for
the WV of Aˆ, f 〈Aˆ〉
(W )
0 = 〈χf |Aˆ|χ0〉/〈χf |χ0〉 [3, 4], in-
volves three steps: (i) preselection, (ii) weak measure-
ment of Aˆ, and then (iii) projective post-selection of an
eigenstate of observable Bˆ. WVs can be orders of magni-
tude larger than strong values [3], negative (where con-
ventional strong values would be positive definite) [5],
or even complex. Such non-standard values open an in-
triguing window to some fundamental aspects of quan-
tum measurement, including access to simultaneous mea-
surement of non-commuting variables [6]; dephasing and
phase recovery [7]; correlation between measurements [8];
and even new horizons in metrology [3].
While some aspects of WVs have been demonstrated
in optics based setups [9], the arena of quantum solid
state offers very rich physics to be studied through a WV
measurement, and the possibility to fine tune and control
the system’s parameters through electrostatic gates and
an applied magnetic field. The three main challenges in
such an undertaking are: (1) overcoming the adverse ef-
fects of dephasing during the application of the protocol,
(2) designing a tunable detector that will operate in both
the strong and weak measurement regimes, (3) design a
protocol such that step (ii) and (iii) do not commute,
[Aˆ, Bˆ] 6= 0 , (1)
notwithstanding the fact that both Aˆ and Bˆ address the
charge degree of freedom.
Here we propose a protocol for a controlled experi-
ment to measure the weak value of the electron’s spin.
Our protocol overcomes the above mentioned difficulties.
We also show how to incorporate the adverse effect of
decoherence into this procedure. The set-up consists of a
double quantum dot, recently studied as a candidate for
a quantum computer qubit [10], and a weakly coupled
quantum point contact to be used as a detector.
Within the protocol alluded to above, the interaction
between the detector (D) and the system (S) is weak in
the coupling parameter λ ≪ 1. As a result of the weak
measurement, the shift in the detector’s coordinate, q, is
∝ λ, while the modification of the state of the system
is ∝ λ2, hence |χ0〉 is unchanged to order λ. In an ideal
strong measurement there is a one-to-one correspondence
between the observed value of the detector’s coordinate,
qα, and the state of S, |α〉. Within a weak measurement
procedure the ranges of values of q that correspond to
two distinct states of S, |α〉 and |α′〉, are described by
two probability distribution functions, Pα(q) and Pα′ (q)
respectively. These distributions strongly overlap. Hence
the measurement of q provides only partial information
on the state of S.
The model.— Petta et al. [10] studied experimentally
a device that can operate and be controlled over time
scales up to tens of nanoseconds or more, preserving
quantum coherence. This system (cf. Fig. 1(a)) con-
sists of a gate confined semiconducting double quantum
dot hosting two electrons. The charge configuration in
the two dots, (nL, nR), is controlled by the gate volt-
2Figure 1: (Color online) Schematics of the system and en-
ergy levels. (a) Scheme of a double dot with nearby quantum
point contacts (QPCs) as charge sensors. (b) Energy levels of
lowest singlet (red) and triplet (blue) states vs. the detuning
parameter ǫ. In the (0, 2) charge configuration the antisym-
metric nature of the electrons wave function implies a singlet
ground state. The states |T±〉 (blue dashed lines), with angu-
lar momenta ±~ in the direction of the applied magnetic field,
are split by the Zeeman energy (∆ = gµBB ≈ 2.5µeV in Ref.
4). The range of ǫ in which the effect of nuclear interaction is
relevant is highlighted by the shadowed part. Spin-to-charge
conversion. If the variation ǫB → ǫA is fast on the time scale
of the nuclear field coupling, 〈T0(1, 1)|HN |S(1, 1)〉, (”fast adi-
abatic”), |S(1, 1)〉 is mapped into the ground state, |S(0, 2)〉.
For the ”slow adiabatic” limit the ground state of the total
Hamiltonian, |↑↓〉, will be mapped into |S(0, 2)〉. By measur-
ing the charge of the final state one is effectively measuring
either the singlet, triplet or the |↑↓〉, |↓↑〉 component of the
initial state at ǫ = ǫB , depending on the specific time sequence
of ǫ.
ages VL and VR. In particular, by controlling the di-
mensionless parameter ǫ ∝ VR − VL, the charge config-
uration is continuously tuned between (0, 2) and (1, 1).
When the two electrons are in the same dot (0, 2), the
ground state is a spin singlet, |S(0, 2)〉; the highly ener-
getic excited triplet states are decoupled. For (1, 1) the
degeneracy of the triplet states is removed by a mag-
netic field, B = Bzˆ, applied perpendicularly to the sam-
ple’s plane; |S(1, 1)〉 and |T0(1, 1)〉 are degenerate. The
charging energy and the spin preserving inter-dot tun-
neling (controlled by the gate voltage VT ) are described
by H0 = ∆s(0)[ǫ(|T0(1, 1)〉 〈T0(1, 1)|+|S(1, 1)〉 〈S(1, 1)|−
|S(0, 2)〉 〈S(0, 2)|)+ 1/2(|S(0, 2)〉 〈S(1, 1)|+H.c.)], where
∆s(0)/2 is the tunneling amplitude. The singlet ground
state, |Sg(ǫ)〉, and the excited state, |Se(ǫ)〉, together
with |T0(1, 1)〉, diagonalize the Hamiltonian (cf. Fig.
1(b))
H0 = ∆s(ǫ)/2 (|Se(ǫ)〉 〈Se(ǫ)| − |Sg(ǫ)〉 〈Sg(ǫ)|)
+∆s(0)ǫ |T0(1, 1)〉 〈T0(1, 1)| . (2)
The energy gap, J(ǫ) = ∆s(ǫ)/2 + ǫ∆s(0), between
|Sg(ǫ)〉 and |T0(1, 1)〉 is vanishingly small at ǫ . ǫB
(cf. Fig. 1(b)). The hyperfine interaction between elec-
trons and the nuclear spin [11], facilitates transitions be-
tween these states. For our purpose, the effect of the
nuclear spins on the electrons is described by classical
magnetic fields, BNL, BNR, resulting in the Hamiltonian
HN = gµB(BNR −BNL) · zˆ |T0(1, 1)〉 〈S(1, 1)|+H.c..
Dealing with the spin degree of freedom enables us
to achieve long dephasing times, which allows for weak
(continuous) measurements [12]. By contrast, the detec-
tors (D1 and D2), which are two quantum point contacts
(QPCs) located near the dots, are charge sensors [13]
suitable for continuous measurements [14]. D2 is effec-
tively used to perform a strong measurement of the spin,
following a spin-to-charge conversion, i.e. a mapping of
different spin states at ǫ = ǫB into different charge states
at ǫ = ǫA, employing an adiabatic (as compared to the
tunneling Hamiltonian) variation of ǫ (cf. Fig. 1). D1
is used as a weak detector. It is sensitive to the differ-
ence between two spin states; the latter correspond to
two different charge configurations. This is indeed the
case for ǫ 6= ǫB. The interaction between the double QD
and the QPC is modeled as Hint = (H(0,2) − H(0,1)) ⊗
|S(0, 2)〉 〈S(0, 2)| + H(1,1) ⊗ 1I . For the (1, 1) (or (0, 2))
charge configuration, the electrons in the QPC are de-
scribed by the Hamiltonian H(1,1) (or H(0,2)). Assum-
ing the excited singlet state is not populated (which is
the case for kBT , eV , ~/τ ≪ ∆s(ǫ), cf. Fig. 1(b)),
the interaction Hamiltonian can be written as Hint ≈
H(1,1)+J(ǫ)/∆s(ǫ)(H(0,2)−H(1,1))⊗(1I−Sˆ
2/2), where the
measured observable, Aˆ ≡ 1I − Sˆ2/2 = |Sg(ǫ)〉 〈Sg(ǫ)|, is
the singlet component of the spin state. H(1,1) describes
scattering of the electrons in the QPC with transmis-
sion (reflection) coefficient t0 (r0): any incoming electron
in the QPC, |in〉, evolves to |φ〉 = t0 |t〉 + r0 |r〉, where
|t〉 and |r〉 are the reflected and transmitted states for
the electron. If the system is in the |Sg(ǫ)〉 state, the
electron in the QPC evolves according to |in〉 → |φ′〉 =
(t0 + δt(ǫ)) |t〉+ (r0 + δr(ǫ)) |r〉 = |φ〉 + |∆φ〉. δt, δr can
be tuned to be arbitrarily small in J(ǫ)/∆s(ǫ).
The protocol.— The protocol consists of a weak mea-
surement with post-selection realized by a sequence of
voltage pulses as described in Fig. 2(a). The evolu-
tion of the system in the absence of the detector has
already been realized in experiment [10]. Initially, at
ǫ = ǫA, the system is in the ground state, |S(0, 2)〉. By
a fast adiabatic variation (cf. Fig. 1) it is evolved into
|S(1, 1)〉 (ǫ = ǫB at time t = −τ
′). This state evolves
under the influence of the nuclear interaction until time
t = 0, thus preselecting |χ0〉 = cosα |Sg〉 − i sinα |T0〉
with α = gµB(BNR − BNL) · zˆτ
′. During the measure-
ment pulse the free evolution of the system is U(τ, 0) =
|Sg〉 〈Sg| + exp(−iβ) |T0〉 〈T0|, with β = J(ǫ)τ . The evo-
lution during the time interval (τ, τ + τ ′′) is governed by
the nuclear interaction and that from τ+τ ′′ to τ¯ is a fast
adiabatic variation. The evolution U(τ¯ , τ) defines the
3Figure 2: (Color online) (a) A protocol to measure weak
values of two electron spin: shown are V , V ′, (voltage bias
across D1 and D2 respectively) and ǫ. (b) The weak value,
f 〈Aˆ〉
(W )
0 = [1 − f 〈Sˆ
2〉
(W )
0 ]/2, as a function of the parame-
ters α and γ for β = π. The dark region defines the range
of parameters for which a positive post-selection is obtained
with probability P(0,2) < 0.5%. The shadowed region (parallel
lines) corresponds to the values of the parameters for which
f 〈Sˆ
2〉
(W )
0 < 0.
effective post-selected state |χ′f 〉 = U
−1(τ¯ , τ) |S(0, 2)〉 =
cos γ |Sg〉+ i sin γ |T0〉, where γ = gµB(BNR−BNL) · zˆτ
′′
(cf. Fig. 2(b)). The weak value of U(τ, 0)Aˆ is then
f 〈Aˆ〉
(W )
0 = cos γ cosα/(cos γ cosα − e
−iβ sin γ sinα). By
tuning the duration of the pulses, one can obtain a real
WV (e.g. for β = π), which is arbitrarily large (e.g. for
γ − α→ π/2) –cf. Fig. 2(b).
The interaction with the detector in this proto-
col is depicted by a simple model, in which the
electrons in the double dot interact with a single
electron in the QPC. Once the state |χ0〉 is prepared
at time t = 0, the system interacts with the QPC,
t ∈ [0, τ ], creating an entangled state at time t = τ ,
|ψ〉 = U(τ, 0) |χ0〉 |φ〉 + AˆU(τ, 0) |χ0〉 |∆φ〉, where U(τ, 0)
defines the time evolution of the system from t = 0 to
t = τ . Applying the operator Πt ≡ |t〉 〈t| one can now de-
tect whether the electron in the QPC has (n = 1) or has
not (n = 0) been transmitted. The respective probabili-
ties are P (n = 1) = 〈ψ|Πt|ψ〉, P (n = 0) = 1− P (n = 1).
In either case, the corresponding spin state of the system
is given by |χ¯n〉 = [Π
n
t + (1 − Πt)
(1−n)] |ψ〉 /
√
〈ψ|Πt|ψ〉.
We employ QPC D2 to detect the charge configuration in
the double dot (post selection) at a later time τ¯ (cf. Fig.
2(a)), but use time t = τ to express the post-selected
state, |χ′f 〉 = U
−1(τ¯ , τ) |χf 〉, in terms of the time evolved
state, |χf 〉 at time t = τ¯ . The signal of QPC D1 is
kept, provided D2 measures the (0, 2) charge config-
uration (with probability P ((0, 2)|n) = |〈χ¯n|χf 〉|
2).
This corresponds to averaging the reading of the first
QPC conditional to the positive outcome ((0, 2) charge
configuration) of the second measurement, f 〈n〉0 =∑
n=0,1 nP (n)P ((0, 2)|n)/(
∑
n P (n)P ((0, 2)|n)). If
Re{f〈Aˆ〉
(W )
0 t
∗
0δt} ≪ 1, the average number of transmit-
ted electrons is
f 〈n〉0 = |t0|
2
+ 2Re
{
f 〈Aˆ〉
(W )
0 t
∗
0δt
}
,
f 〈Aˆ〉
(W )
0 = 〈χ
′
f |U(τ, 0)Aˆ|χ0〉/〈χ
′
f |U(τ, 0)|χ0〉 , (3)
defining the weak value f 〈Aˆ〉
(W )
0 . Indeed the in-
ferred weak measurement operator, U(τ, 0)Aˆ, and the
strong post-selection operator, U−1(τ¯ , τ)AˆU(τ¯ , τ), both
expressed at time τ , do not commute with each other, as
required to obtain nonstandard weak values. This mea-
surement may capture the real and the imaginary part
of the WV; one can reconstruct the complex WV pro-
vided the phase of t∗0δt is tunable in a controlled way. In
particular this is possible if one embeds the QPC in an
interferometry device. Note that in the absence of post-
selection, Eq. (3) is replaced by n = |t0|
2+2〈Aˆ〉Re{t∗0δt}.
The result of this simple model captures the physics
of weak values. Indeed, during the measurement time,
τ , the number of electrons attempting to pass through
the QPC is N = 2eV τ/(2π~). In this case the prob-
ability that n electrons out of N will pass through
the QPC is P (n,N) = |〈Sg(ǫ)|χ0〉|
2Pt0+δt(n,N) +
|〈T0(1, 1)|χ0〉|
2Pt0(n,N), with Px(n,N) = N !/[n!(N −
n)!]|x|2n(1 − |x|2)(N−n). If |1 + t∗0δt + r
∗
0δr|
N ≪ 1, the
two distribution functions, Pt0 , Pt0+δt, are strongly over-
lapping and the average current in the QPC, f 〈I〉0 =
e f 〈n〉0/τ , will measure, to leading order in t
∗
0δt, the
WV f 〈I〉0 = I0 + (2e
2V/h)2Re{f〈Aˆ〉
(W )
0 t
∗
0δt}. Here
I0 = 2e
2V |t0|
2/h is the current for the (1, 1) charge con-
figuration. Note that this result essentially coincides with
that of the simplified picture outlined above. In the op-
posite limit, |1 + t∗0δt+ r
∗
0δr|
N ≫ 1, the overlap between
Pt0 and Pt0+δt is vanishing, in which case the measure-
ment is strong: the outcome of each single measurement
is either 2e2V |t0|
2/h or 2e2V |t0 + δt|
2/h. Note that the
parameter controlling the crossover from weak to strong
measurement is the same controlling the decoherence of
the double dot state due to the measurement [15].
Weak values protected from nuclear field induced
decoherence.— Weak values are sensitive to decoherence
effects. The latter arise not only from the measuring de-
vice itself. In the protocol discussed above decoherence
is dominated by fluctuations of the nuclear spins [10, 16].
While new emerging experimental techniques carry the
promise of an increased level of coherent control [17], a
protocol realizable in actual experiments which is insen-
sitive to nuclear spin fluctuations is depicted in Fig. 3.
Here, though the freedom in defining the pre- and post-
selected state is reduced: one is restricted to move only
within the equatorial plane of the Bloch sphere. The pro-
tocol consists in starting with the system in the ground
4Figure 3: (Color online) (a) An alternative protocol to mea-
sure f 〈Aˆ〉
(W )
0 : shown are ǫ, V and V
′ (notation as in Fig.
2). (b) Imaginary part of the weak value of the spin as a
function of β for Γτ = 0 (full line), Γτ = 0.1 (dashed curve)
and Γτ = 1 (dash-dotted curve). The values of parameters
for which the corresponding weak values of spin are obtained
with probability P(0,2) < 1% are shadowed.
state, |S(0, 2)〉 (at ǫ = ǫA), a slow adiabatic variation
(cf. Fig. 1) allows the system to evolve to |↑↓〉 at time
t = 0 (ǫ = ǫB). The time evolution during the weak mea-
surement pulse is U(τ, 0) = |Sg〉 〈Sg|+exp(−iβ) |T0〉 〈T0|,
with β = J(ǫ)τ . The evolution from τ to τ¯ is “slow adi-
abatic”. The effective post-selected state at time τ is
|χ′f 〉 = U
−1(τ¯ , τ) |χf 〉. The weak value of U(τ, 0)Aˆ is
then f 〈Aˆ〉
(W )
0 = 1/2[1− i tan(β/2)]. The imaginary part
of the weak value can then be arbitrary large. Deco-
herence due to fluctuations of the electromagnetic field
is however unavoidable [18]. A general scheme to ac-
count for the effects of decoherence requires the use of
a density matrix, ρ(τ). In the present protocol decoher-
ence mainly comes from charge fluctuations (fluctuations
of ǫ), which commute with the measured operator Aˆ,
yielding f 〈Aˆ〉
(W )
0 = 〈χ
′
f |ρ(τ)Aˆ|χ
′
f 〉/〈χ
′
f |ρ(τ)|χ
′
f 〉. Here
the density matrix is ρ(τ) = 1/2(|Sg〉 〈Sg| + |T0〉 〈T0| +
e−i(β−iΓτ) |Sg〉 〈T0|+ e
+i(β+iΓτ) |T0〉 〈Sg|), where Γ is de-
fined by J(ǫ)→ J(ǫ)+ξ(t), with 〈ξ(t)ξ(t′)〉 = 2~Γδ(t−t′)
–cf. Fig. 3. In general the strong incoherent limit does
not reduce to the standard expectation value of the spin.
The presence of coherent oscillations within this proto-
col [10], anyway, underlines the possibility to realize this
procedure experimentally. The present protocol employs
building blocks which have already been tested experi-
mentally (QPCs as charge sensors, spin manipulation in
the double dot). Most promising is the experiment setup
of Ref. [10] . The main experimental future challenge
here would be a single shot readout, i.e. a quantum me-
chanical measurement of the state of the dot (without
averaging over many repetitions as in ref. [13]). In this
context we note that charge sensing by a QPC operated
with fast pulses has been recently demonstrated [19].
Conclusions.— The protocol outlined above will fa-
cilitate the measurement of non-standard (weak) values
of spin. The procedure is generalized to include the ef-
fect of non-pure states. Further directions may include
a systematic study of various mechanisms for decoher-
ence within the weak value scheme and the measurement
of two interacting spins (pair of double quantum dots),
leading to cross-correlations of weak values.
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Note added.— Upon submission of this manuscript we
have noted the paper by Williams and Jordan [20] which
too discusses weak values in the context of solid state
devices.
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